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Abstract

Second-order accurate elliptic solvers using Cartesian grids are presented for three-dimensional interface problems in
which the coefficients, the source term, the solution and its normal flux may be discontinuous across an interface. One
of our methods is designed for general interface problems with variable but discontinuous coefficient. The scheme
preserves the discrete maximum principle using constrained optimization techniques. An algebraic multigrid solver is
applied to solve the discrete system. The second method is designed for interface problems with piecewise constant
coefficient. The method is based on the fast immersed interface method and a fast 3D Poisson solver. The second
method has been modified to solve Helmholtz/Poisson equations on irregular domains. An application of our method
to an inverse interface problem of shape identification is also presented. In this application, the level set method is
applied to find the unknown surface iteratively.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we develop two finite difference methods for three-dimensional interface problems using
Cartesian grids. Let Q be a domain in R® and I' be an arbitrary piecewise smooth surface in Q. The interface
I' divides Q into two sub-domains Q" and Q  and therefore Q = Q* U Q™ UT. We consider the elliptic
equation of the form

V- (B, ,2)Vu(x, y,2)) + Alx, y, 2)u(x,y,2) = f(x,9,2), (x,y,2) € Q~T, (1)

with a boundary condition on 0Q. The coefficients 5, A, and the source term f may be discontinuous across
the interface I'.
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Due to the discontinuity in the coefficient f, or/and the source/dipole distributions along the interface I,
the solution and the normal flux may be discontinuous across the interface I' and can be written as

[u] = w(s1,s2), [Pu] = v(s1,52), 2)

where w and v are two known functions defined only on the interface I', u, = 0u/0n = Vu -n is the
limiting normal derivative of u, n is the unit normal vector pointing to Q" side. The interface I is ex-
pressed as a parametric form (x(sy,s2),v(s1,52),2(s1,52)), the jump [u] is defined as the difference of the
limiting values of u from QF and Q~ sides. We refer the readers to [7-9] for more discussions on the jump
conditions.

The problem can be solved by body fitted finite element methods, see [2], for one example; the ghost fluid
method (GFM) [12] (which is first-order accurate in the infinity norm but has a symmetric linear system);
fast solvers based on integral equations (assuming /5 is a piecewise constant), see [4,13], for example; the
immersed interface method (IIM) reported in [7,17] for example; and possibly some others. These methods
have been described in details for two-dimensional problems. Despite the fact that the extension of these
methods to three-dimensional (3D) problems may be straightforward, the implementation of these methods
in 3D can be very different and few have appeared in the literature.

In this paper, we first develop the maximum principle preserving scheme for the interface problems with
variable but discontinuous coefficient by requiring the resulting finite difference matrix be an M-matrix
using constrained optimization techniques. The M-matrix condition guarantees the convergence of the
algebraic multigrid solver [15] when it is applied to solve the linear system of equations.

When the coefficient f is a piecewise constant, we propose a fast solver by transforming the original
problem (1) to a Poisson equation with an unknown jump in the normal derivative across the interface I'.
We use a GMRES method to determine the unknown jump so that the original jump in the flux is
satisfied and thus the solution to the Poisson equation is also the solution to the original problem (1).
There are several advantages of this approach: (1) the computed solution is second-order accurate in the
infinity norm; (2) the number of iterations in the GMRES method is almost independent of the mesh
sizes; (3) the computed normal derivatives are observed to be second-order accurate as well; (4) with
slight changes, the methods can be, and have been applied to Helmholtz/Poisson equations defined on
irregular domains.

We also present an application of the second method to an electrical impedance tomography
problem in identifying an unknown interface in a 3D domain. The inverse problem is solved iteratively
by coupling the level set method [14] with the fast Poisson solver on irregular domains developed in
this paper.

The paper is organized as the following. In Section 2, we introduce the interface relations of the problem
which will be used in the derivation of our methods. The computational frame is established in Section 3.
We propose the maximum principle preserving scheme for general coefficient in Section 4 and provide some
numerical examples. The fast Poisson solver for piecewise constant coefficient is proposed in Section 5 with
some numerical examples. In Section 6, we present an application to an inverse problem of shape identi-
fication. We conclude the paper in Section 7.

2. Theoretical aspects

We hope to develop accurate finite difference methods based on Cartesian grids. To this end, we present
a complete set of interface relations up to the second-order derivatives by differentiating the jumps along
the interface I', and making use of the original partial differential equation (PDE) (1). Since the flux jump
condition [fu,] is given in the normal direction of the interface, it is convenient to use a local coordinate
system in the normal and tangential directions.



S. Deng et al. | Journal of Computational Physics 184 (2003) 215-243 217
2.1. A local coordinate system

Given a point (x*,y*,z*) on the interface I', let & be the normal direction of I', # and 7 be two orthogonal
directions tangential to I'. Then the local coordinates transformation is given by

C= (=X + (v =y )oe + (2 - 2) o,
n=(x—x")ow+ =)o+ (z—2")o, (3)
T=(X=x")oe+ (=)o + (2 —2") 0,

where o,; represents the directional cosine between x-axis and &, and so forth, see Fig. 1 for an illustration.

The three-dimensional coordinates transformation above can also be written in a matrix—vector form.
Define the local transformation matrix as

A= oy oy oy |, 4)
Oy ayr Oz

then we have

£ x—x
n|l=4ly-y|. (5)
T z—2Zz"

Also, for any differentiable function p(x,y,z), we have

ﬁé Dx
ﬁn = A py ) (6)
p‘[ pZ

where p(éa n, T) = P(X,%Z)a and

P Py P Pe Po Pe
Pye Py Py | = Al Px Py Py |4, ()
p‘ri pm D Dax sz Pz

n 4

.

S EyEz)

o) >
Y

X

Fig. 1. A sketch of a three-dimensional local coordinates transformation.
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where AT is the transpose of 4. It is easy to verify that 4T4 = I, where I is the identity matrix. For two-
dimensional problems, the matrix—vector relations under the local coordinates can be found in [3]. Note
that under the local coordinates transformation (3), the PDE (1) is invariant. Therefore, we will drop the
bars for simplicity.

2.2. Interface relations

We use the superscripts + or — to denote the limiting values of a function from Q* side and Q~ side of the
interface, respectively. Under the local coordinates, the limiting differential equation from the negative side,
for example, can be written as

B (uze +wy, +ur) + Bruz + fu, + Bru; + 4w —f =0. (8)
Also under the local é-—#—t coordinate system, the interface can be expressed as
¢=y(n,7), with 2(0,0) =0, %,(0,0) =0, %/(0,0)=0. 9)

We will use the jump condition (2) and the original differential equation to get more interface relations in
this section.

Let us first differentiate the first jump condition [u] = w in (2) with respect to n and 7, respectively,
to get

[ui]Xn + [uﬂ] = W’17 (10)

[uely, + [uc] = we. (11)

Differentiating (10) with respect to 7 yields

Xna [MA + Xrlr[uif] + [”ni]Xr + [uﬂf] = Wy (12)
Differentiating (10) with respect to n and differentiating (11) with respect to 7, respectively, we
obtain

0

o )+ ] ] L] = v, (13)
d
XT& [ue] + teclue] + xelvtee] + (o] = Wer »

Before differentiating the jump of the normal derivative [fu,] = v in (2), we first express the unit normal
vector of the interface I" as

1 A Y
G v (15)

V1t 0

So the second interface condition [fu,] = v in (2) can be written as

[Buz — uyyy — ueye)] = v(n, 1)/ 1+ 22 + 2% (16)

Differentiating this with respect to 5 gives



S. Deng et al. | Journal of Computational Physics 184 (2003) 215-243 219
0 0
[(ﬁi;{r’ + ﬁr])(uf — Un)y — uTXr)} + ﬁ Uee)y T Uy — ;{n%uﬂ - XT%”T — Unlyy — Utdpe

= o /1 + 2+ 2 + o L) (17)
1+ + yr

Similarly, differentiating (16) with respect to t gives
) 0
[(ﬁéXz + ) (u: — Uniy — uck ) + | B ueer, + ue — Xnauﬂ - Xr&”r = UnXyr — U)o
U1+ 0+ 72+ o—F——— fox fxe (18)
V1+o+ xr

At the origin, y,(0,0) = %,(0,0) = 0, and from (10) to (18) we can conclude that

u-=u +w,
p~ _
U; = —u. + ,
< ﬂ+ < ﬂ+

u =u + (”g - uz)Xt]r + Wﬂh
up =ty + (U — ul)yy, + Wiy, (19)
U, = M_ + (”E - ug—)er + Wi,

= o (o o Yo (0 o o
</ ﬁ+ cn+ n ﬁ+ n 711n+ T ﬁ+ T /nr+ﬁ+é ﬂ+ c+ﬂ+’

'3 s LB B, . B w
”Er* ﬁ+”£r+ <un ﬁ+ 'l>7'11+ ( T ﬁ+ r)Xr‘c ﬁ+uc ﬁ+uc +ﬁ+

To get the relation for u}, we need to use the differential equation (1) itself from which we can write

[Bluce + gy + uee) + ﬂ:”cﬁ + Bq“n + Bou. + Ju] = [f]. (20)
Notice that
un = ut = = A+ 2w = ut = —[u — AT ). (21)

Rearranging Eq. (20) and using Eq. (21) above we get

BF (e + g, + ) 4+ Brul + By + Blul = B (uz + oy, ) + frug + Bruy + Bus +[f]
+au = ATt (22)

Plugging the sixth and seventh equations of (19) in (22) and collecting terms finally we have

y P * - N BN B:
¢t _‘lggjuci + <§+ l)u + <§+ l)un +u§ (le +er _ﬁ_+> _ug (X,m +X11 _ﬁ_i>

By = )+ e B = ) = (G + 27+ Sy 23)

<

_|_
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3. The computational frame

For simplicity, we assume that the domain Q is a solid cube, say [a1, 1] X [a2, ba] X [a3, b3]. We wish to
solve the problem using a finite difference method and a uniform Cartesian grid with

xi=a +ih, yj=ay+jh, zZ=a3+kh, 0<i<L, 0<j<M, 0<k<N.

We also assume that & = (b; — a;)/L = (b, — a»)/M = (b3 — a3)/N to make many expressions simple.
We use the zero level surface of a three-dimensional function ¢(x,y,z) to express the interface,
that is,

o(x,y,z) <0 if (x,y,z) € Q7

QD(xJ/aZ) =0 if (x,y,z) er, (24>

o(r.,2) >0 if (x,y,2) € 2",
We assume that the level set function is Lipschitz continuous and ¢(x,y,z) € C? in the small neighborhood
of the zero level set ¢ = 0 that represents the interface I'. At a grid point X, let qoﬁ'},"{” and @ be the
minimum and maximum values of the level set function ¢ at @, 4, @; 14> @ 541> and @, We define x4
as an irregular grid point if

oI < 0. (25)

Otherwise X is called a regular grid point.

3.1. Setting-up a local coordinate system using the level set function

Given a point X" = (x*,»*,z*) on the interface, we choose the & direction as the normal direction of the
interface

_ Vo _ T, [ o 2 2
67‘v@|7(¢x, qoy? (rDz)/ (px+§0y+(pz7

where the unit normal direction is evaluated at (x*, y*,z*). The - and t-axes are in the tangent plane passing
through (x*, y*,z*). We choose the first tangential direction as

n=1(p, —, 0)'/\/02+ ¢
if @ + qof # (. Otherwise, we choose
n=(¢., 0, —¢,)'/\/ &} + 02
The corresponding second tangential direction is
T :ﬁ where s = (¢,0., ¢,0., —¢; —¢})"

if @7 + ¢} # 0. Otherwise, we choose

t T
T= m7 where t = (_(px(p)n (Pi + (/737 _(/’y(p2> )
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3.2. Computing the projections

For each irregular grid point x = (x;,);,2), we select a point X" = (x7,7,z;) on the interface. Although
not necessarily, we take this point as the projection of (x;,1;,z;) on the interface. The projection X" is the
closest point on the interface to the grid point (x;,y;,z;) with ¢(X*) = 0. In practice, we can only compute
the projection approximately. Since the interface I' is represented as the zero level surface ¢ = 0, and the
level set function ¢ has the fastest rate of increase/decrease in the normal direction of the level surfaces, we
write the projection as

X" =x + ap,

where p = V¢/|Vo|, and a ~ & is an approximation of the signed distance from the grid point x to the
projection X*. Neglecting O(o3) and higher-order terms in the Taylor expansion of ¢(X*) =0, we get a
quadratic equation for o

1
0(x) + [Vole+5 (p" He(p)p)a® =0,

where He(¢) is the Hessian matrix of ¢

Dx (roxy Dy,
He(p) = | o @, ¢
QDZ‘X (pzy q)zz

The values of @, ¢, ¢, ¢., Prs @ry» P @y @, and @, are all computed at the grid point
X = (x;,);,2¢) using the standard central finite difference scheme. Since the truncation error of the above
quadratic expansion is of O(«*) ~ O(h?), the central finite difference schemes are second-order accurate,
and the quantities ¢,, @,, and ¢, appear in the linear and quadratic terms of o and the second-order
derivatives ¢,.,..., @, appear in the quadratic term of «, the computed projections are third-order
accurate.

4. The maximum principle preserving scheme

We now derive a finite difference equation of the form

D Vllisin ik + Aathige = fize + Cig (26)
m
at every grid point (x;,;,z;) to approximate (1), where i, j., k» take values from 0,+1,42,..., meaning
that the summation is taken over the neighboring grid points centered at (x;,y;,z;). Note that we have
omitted the dependency of m on i, j, and k, for simplicity. At a regular grid point, we use the standard seven
point finite difference scheme

. . ﬁi—l/Z,_/lk . ﬁi+l/2‘j,k o ﬁi,jfl/Z,k
Vi—1jk — PR Vit gk = 2 Vij-1k — 2

_ Biji1/2k . _ Biji-12 . _ Bijks1) (27)
Vij+rk = —p Vijk—1 = 2 Vijk+1 = 2

Vijk = —Vicijp T Ve T Vijorw + Vijorx F Vijao1 +Vijur) G =0,

where B/, = B(x: — h/2,y;,z) and so forth. The local truncation errors are O(h?).
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4.1. Setting-up the finite difference equations at irregular grid points

At irregular grid points, we use the method of un-determined coefficients to find the coefficients of the
finite difference scheme. Let X" be the projection of (x;,);,z;) on the interface. Using the Taylor expansion
from both sides of the interface at X*, we can write

ng ns 2 2
6"’1 r]”l
> Pt (it Vs Zrn) + At (50,355 2) = Y 7 (”i 8 N U T+ jui + 7”3

m

2
+ Emui + émnmu?ﬂ + f_mrmu?I + nm‘cmui + O(h3))

+ Aije (s + O(h)), (28)

where the function values and the derivatives are defined as the limiting value at X* from the side where the
grid point (i + i, j + jm, k + k) 1s in. Using the interface relations (19) and (23), the expression above can
be written as
D Dttty Vs Zity) F it 28) R @™ + au” + asu; + gl + asuy + agu; + a;
m

nm

+

+apu,,

+ - + -
+ agu; +agu<cf Jralouéé +anu + apu,
+ aput + aisuz, + aeul + ayuz + agul + apu;
14U, 15U, 16U, 17U 18Ug; 19U,
+ —_ -
+ axu, + A u, (29)

with the higher-order terms being neglected, where the coefficients a;’s depend only on the position of the
stencil relative to the interface. They are independent of the functions u, 3, 4, and f. If we define the index
sets K™ and K~ by

K* = {m: (,,n,,tn) is on the £ side of I'}, (30)

then the «;’s with odd subscript are given by

a, = Z Ymsy A3 = Z ymémv as = Z Ymllms A1 = Z YmTms

mekK— meK— mekK— mekK—
1 1 1
_ E : 2 _ 2 : 2 _ 2 : 2
ag = 5 ymé?ﬂ ap = E ymnm’ ap = 5 ymrrn? (31>
mekK— mekK— mekK—
a;s = E ymémnm7 ay; = E Vmémfma ayg = E YmMmTm-
mekK— mekK~ mekK—

The a;’s with even subscript are exactly the same as above except the summation is from the subset K+.
Substituting the interface relations (19) and (23), we express all the quantities from the positive side in terms
of the quantities from the negative side. Thus the right-hand side of (29) is represented by the linear
combination of the quantities from the negative side. After some manipulations, (29) is arranged as follows:

ng

D Tt (st Vs Zerk) + At (i v 2e) = (A Jug (g +( Juy +( Jug + (g,

m

0 Jue + (0 Jugy + (0 Juge + (0 e + Cige (32)

The contents in the parentheses are the corresponding terms in the left-hand side of (33)—(42). The last term
Cij is a linear function of the jumps in the solution and the flux and is given in (43). We want the finite
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difference scheme to be second-order accurate to the differential equation. Therefore at X* we match (29)
with the PDE (8) from the negative side, i.e., we equate (32) to ™ (uz. + u,, +u;) + f.uz + B u, + fu;.
Hence, we obtain the linear system of equations for the coefficients y,’s below:

A
a, — 010% +ay =0, (33)
as —ap (}{,m + Yo — ﬁi> +aniy, + au). + a ﬁ% +ais [ﬁgi + a2 )y
B B: By B! -
ForSasta| ty + tee — o= | — @k — Q1adee — Q1655 — Q18 55 — G20 )y ¢ = P (34)
I i B m B 5 1 ¢
B, - - By _
as + aloﬁ—i - 6116/),71,1,7 —ai %Xm +as — aloﬁ—i + ai6)y + sty = B, s (35)
- - - +
ar + alog—i - a16£—+1m —as §_+er +as — alog—l + aie)y. + @182 = By (36)
ay + alo% =p, (37)
a11+012+6110<£—+—1) =p, (38)
a13+a14+a10<£_+_1> =p, (39)
Fo_ 0 40
aps + aléﬂ_+ =0, (40)
B _
al7+a18ﬁ_+—07 (41)
a9 =+ ay)y = O (42)

If we can solve this linear system of equations to get y,’s, then by collecting the remaining terms in (29), we
can determine the correction term which is given by

1] Atw v
Cijr = ao (ﬁ_+ — ﬁ—+ — Wyy — Wer | + QoW + Q1aWer + amﬁ—i

1 B: B, ;
o 3 " n T
+ I as+aio | Apy + Xee — 5 A2 Ygy — A4 Y — alGF - al8F — A0y PV

Ug
+ ags ﬂ—+ + axwy + aaw

+

ﬁ+
+ <a6 - aloﬁ—i + a6}y + @182y | Wy + | a8 — alog—iJr @16 )ye + W18 e | We- (43)
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4.2. Computing the principal curvatures using the level set function

In order to determine the matrix entries of the linear system of equations (33)—(42) for the coefficients
7:’s, we need to compute the second-order tangential derivatives y,,, 7., %, of z at X". We call these
quantities principal curvatures. These quantities are computed from the level set function. Since
o(x(n,1),n,7) =0, it follows from the implicit function theory that

@yt @ety =0, (44)
0.+ @, =0 (45)
and

(prm + qot]tf%;] + (goin =+ @éi%ﬂ)%rl =+ quX;m = 07
q)rlr + (pinr + ((pg“r + (Dg“cf}(r)Xr, + q’g“%m = 0,
Dre + (prcer + (q)ir + (pii}fr))(r + (péer = 0.

So, we have

Xgy = _(pim/(pfa
Aee = _(prr/(pia (46)
an = _q)ﬂr/(p@

where (¢;, @,, ¢,) and (¢, ¢,,, ¢.,) are given in (6) and (7), respectively. Our procedure for evaluating the
principal curvatures includes:

e compute the first and second derivatives of ¢ at the surrounding grid points using the standard central
difference scheme;

e use the bi-linear interpolation to compute the first- and second-order derivatives ¢, ,,...,¢,, in the
original coordinates at the projection point X*;
e use the formulae (6) and (7) to get the first- and second-order derivatives ¢, ¢,, ¢, ..., ¢, in the local

coordinate system;
e use the formula (46) to compute the principal curvatures y,,, > and x...

The bi-linear interpolation uses eight grid points. Given any point (x*,y*,z*) on the interface, we can find
a cube containing the point with the eight vertices (xo,0,20), (X0,30,21), (X0, 1520), (X0,1,21)> (X1,20,20),
(x1,30,21), (x1,1,20), and (x1,y1,z1). Let Oy be the function values at the eight vertices. The eight point bi-
linear interpolation is defined as

|
o, y",z") =3 Z OiXi¥Zk, (47)
ij k=0
where
xi:1+(2i—l)<72<x;x0)—l>, yi:1+(2j—1)(72(y;y0)—1>,
(48)

zk=1+(2k—1)(@—1).
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4.3. Computing the tangential derivatives of interface quantities

In the evaluation of the correction terms C;;, we need to compute the tangential derivatives such as w,,
We, Wiy Wer, Wy, Uy, and v, where w and v are only defined along the interface I'. They are computed using
the least squares interpolation.

Let g be a function defined on the interface and therefore we know its values at the projections X; We
explain below how to compute its tangential derivatives at a particular projection X" using the projections
X, in the neighborhood of X".

In the neighborhood of X*, the interface quantity g can be written as g(n, t) using the local coordinates.
The least squares interpolation for g,, g;, and g,, at X", for example, can be written as

&(X") = Z %8y &(XY) = Z 2p&py  Em(XT) = Z 0p8p> (49)

X —X5| < Re X —X5| < Re X*—X5[ < Re

where g, = g(X7) are the function values at the projections X/, R. is a pre-chosen parameter between 5.1%
and 6.14. We should choose R, such that at least 10 points are involved. We explain how to compute the
coefficients o, for g,(X") as an illustration. It is based on the Taylor expansion and the singular value
decomposition (SVD) to solve an under-determined system of equations.

Using the Taylor expansion at X*, we have

D owmg = Y %(g*+Vg*-(X;—X*)+é(XZ—X*)TH(g*)(X;—X*)+~--)

IX; X" <R IX; X" <R
=( )g+( g+ )gr+( gy, +( )g.+( )g.+hot,

where H(g) is the Hessian matrix of g in terms of the variables # and t under the local coordinates ¢—y—t
centered at the projection X*, h.o.t stands for the high-order terms of |X; — X*|, and the contents in the
parentheses are the corresponding right-hand side in the system of equations below. Using the method of
the under-determined coefficient, we set

Zocp:O, Zotpnpzl, Zaprpzo,
p » »

Z ocpni =0, Z ocpri =0, Z ,T, = 0,
P P p

where (,,7,)’s are the coordinates of the projections X; on the interface in the parametric form
& = y(n,7) centered at X*. The under-determined system is solved by the SVD subroutine form LAPACK/
LINPACK which is available from the Netlib. The other tangential derivatives can be computed in the
same way with different right-hand side. Since the coefficients matrix is the same, we just need to compute
the SVD once.

(50)

4.4. An optimization approach

After the preparations from previous sections, we are ready to determine the coefficients y,,’s and #n; in
the finite difference equation in (26) for all irregular grid points. It seems that we can take n; = 10 because
there are 10 Egs. (33)—(42). The problem is that we cannot guarantee that the system (33)—(42) has a so-
lution and the stability of the resulting system of the finite difference equations.

We propose the maximum principle preserving scheme by choosing n, > 10 and adding the sign
constraints
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Vi <O 1 (s fims ko) = (0,0,0),

51
I =0l (i jmskn) 7 (0,0,0), (51)

in addition to the linear system of equations (33)-(42). The sign constraints will guarantee the coefficient
matrix of the system of the finite difference equations be an M-matrix.

To solve the linear system of equations (33)—(42) with the inequality constraints (51), we construct a
quadratic optimization problem

min 3 37 — )’ (52)
s.t. "
By =b, the system of (33)-(42),
Vo <O AF (iy Jim, k) = (0,0,0), (53)
Vo =0 AF (i, fim, k) 7 (0,0,0),
where y = (71,72, -- ,ynS)T is the vector composed of the coefficients of the finite difference scheme and

By = b denotes the equality constraints specified by (33)—(42). We also want to choose y,,’s in such a way
that the finite difference scheme (26) reduces to the standard central finite difference scheme if there is no
interface or the coefficient f of the PDE is continuous across the interface. This can be done by
choosing

- Bitin )24 jm )2k )2
m — hz

1
do = _ﬁ Z ﬁi+im/2,j+j,n/2,k+km/27 (54)

m,m#0

if (im,jm, kn) 1s one of the six neighbors of (0,0,0),

d, =0, otherwise,

where the summation is over the six neighbors of the grid point (x;,y;,2x) and B, 5, = B(xi — /2, ¥}, )
and so forth.

There are several commercial and educational software packages that are designed to solve constrained
quadratic optimization problems, such as QP in Matlab and QL by Schittkowski [16].

What the minimum n,; should be that can guarantee the existence of the solution to the optimization
problem is still an open theoretical problem. In our implementation, we take all the grid points in the cube
centered at (x;,);,z¢), that is, n, =27. We have not experienced any numerical failure for our testing
problems. In [11], the authors numerically showed the existence of the solution to the optimization problem
in two space dimensions. We believe that the conclusions are also true in three dimensions.

If the optimization problem has a solution at all irregular grid points, then it is shown in [11] that the
solution to the finite difference scheme has second-order accuracy globally in the infinity norm. We omit the
proof here since it is essentially the same as in two space dimensions.

In case that the optimization solver fails to return a feasible solution at an irregular grid point, we can
switch to a lower-order scheme such as the ghost fluid method [12] or the standard central finite difference
scheme. Since such points are few, if there are any, the global accuracy will not be affected.

We summarize our algorithm for the elliptic interface problem with variable but discontinuous coeffi-
cient below.

e Set-up a Cartesian grid.
e Label the grid points as regular, irregular.
¢ Find the projections of irregular grid points on the interface as described in Section 3.2.
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e At each irregular grid point, calculate the local coordinates (&,,,#,,,T,) for 27 neighboring grid points.
Calculate the matrix B and vectors b from the system (33)-(42) and d; from (54). Solve the quadratic
programming (52) and (53) for y,’s and then compute the correction term C,j using (43).

Use the formula (27) as the finite difference scheme at regular grid points.
Form the system of the finite difference equations (26).
e Solve the system of the finite difference equations (26) to get an approximate solution to the PDE.

4.5. An algebraic multigrid solver

If the coefficient ff not only has a jump across the interface, but also is a function of location (x,y,z),
there are almost no fast elliptic solvers that can be used to solve the linear system of equations obtained
from our maximum principle preserving scheme. The Gauss—Seidel or SOR method is too slow in con-
vergence. We use the algebraic multigrid method (AMG) developed by the German National Research
Center for Information Technology (GMD) which is available on the Internet, see also [15]. The AMG has
been shown to be a robust and efficient solver for a linear system of equations Qu = F' with certain
properties. The AMG is guaranteed to converge if the coefficient matrix Q satisfies one of the following
conditions:

e (is positive/negative definite or semi-positive/negative definite with ROWSUM =0 for each row, where
ROWSUM denotes the sum of the entries in each row.
e (is “essentially” positive type, i.e.,
o The diagonal entries of O must be positive/negative.
o Most of the off-diagonal entries of Q are non-positive/non-negative.
o For each row, the ROWSUM should be non-negative/non-positive.

The linear system of equations derived from the maximum principle preserving scheme is “essentially”
negative definite matrix (an M-matrix) and the algebraic multigrid solver can be applied. Our numerical
experiments showed that the AMG method generally converged faster than the SOR method. The speed-up
increases as the number of grid lines gets larger.

4.6. Numerical results for the maximum principle preserving scheme

We have done a number of numerical experiments which confirm second-order accuracy of the maxi-
mum principle preserving scheme. The numerical tests are done using Sun Ultra 10 workstations or the
CRAY T916 supercomputer at the North Carolina Supercomputing Center (NCSC). The computational
domain is [—1,1] x [-1,1] x [, 1]. In all examples, L =M = N, and n, = 27 (i.e., all 27 grid points in-
volved in the usual 27 point stencil) unless otherwise specified. The convergence tolerance for the algebraic
multigrid method is 10~° for the test results presented here.’

Example 4.1. We present an example with a variable and discontinuous coefficient . The interface is a
sphere x?> + )7 + 2> = 1/4. The differential equation is

(ﬁMX)x + (ﬁuy)y + (ﬁuz)z = f'7

' We have also tried smaller tolerance 10-®. The accuracy and the order of convergence remain almost the same except that the CPU
time for the linear solver increases slightly. With smaller tolerance, the computed solution gives better approximation to the linear
system of the finite difference equations, but not necessarily a better approximation to the original partial differential equation because
the local truncation errors are generally larger than the tolerance. We believe that 107> is a reasonable choice of the tolerance for our
test problems.



228 S. Deng et al. | Journal of Computational Physics 184 (2003) 215-243

where

P+l if r<i
T
b if r>1,

fx,p,z) = 10+* + 6,

and b is a constant and » = /x*> 4+ y*> + z2. The Dirichlet boundary condition is determined from the exact
solution
& if r<i,
= 4 .
u(x,y:2) (%Jrrz)/b—(?“Jrrg)/bJrré if r>1, (33)

where ry = 1/2.

It can be calculated that [u] = 0 and [fu,] = 0 in this example. However, the normal derivative u, is
discontinuous due to the discontinuity in the coefficient f.
The jump in the coefficient  depends on the choice of the constant 5. We tested three different cases,
b =1, b =10 (small jump), and » = 1000 (large jump). Table 1 shows the results of the grid refinement
analysis. The maximum relative error is defined as
_ max; Iu(xf,yj,zk) - u[jk'

) ) | 56
|| NHoc maxi'j‘k|u(xi,yjyzk)| ( )

where u;; is the computed approximation to the exact one u(x;, y;,z¢). We also display the ratio of two
successive errors

E
ratio = (L2 . (57)
1 Ean |

In Table 1, we see that the average ratio approaches number 4 indicating second-order accuracy of the
maximum principle preserving scheme.

Example 4.2. Now we present an example of multi-connected domain and discontinuous solution. The
level set function is

@(x,y,2) = 81 (x,,2)%(x,,2),

where
Si(x,y,2z) = (x = 0.2)" +2(y — 0.2)* + 22 — 0.01,
S5(x,9,2) = 3(x 4+ 0.2)* + (y + 0.2)* + 22 — 0.01.

Table 1
The grid refinement analysis for Example 4.1
LxMxN b=1 b=10 b = 1000
IEn|l. Ratio lEN] Ratio IEN || Ratio
26 x 26 x 26 1.247 x 1073 1.525 x 1073 3.485 x 1073
52 x 52 %52 3.979 x 10~ 3.134 5.240 x 10~ 2910 1.111 x 1073 3.137

104 x 104 x 104 9.592 x 1073 4.148 1.010 x 10 5.188 1.605 x 10~ 6.922
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The interface is the zero level set of ¢(x,y,z) that satisfies ¢(x,y,z) = 0. The coefficient f is piecewise
constant 7 in Q" and f~ in Q. The source term is

f(x Z) B 6ﬂ*ex+2y+z in Qf’
VE T~ (4n sin 2mx + misinmy + 16n? sindnz)  in Q.

The Dirichlet boundary condition is determined from the exact solution
utr2) = {

The jump conditions are

ex+2y+z in Q
: : . e (58)
sin 2nx + sin my + sin4nz  in Q7.

[u] = sin 2nx + sin my + sin 4nz — 2

and
[Buc] 2nft cos2mx — et
[ﬁun} =4 nﬁ+ cos Ty — 2ﬁ*ex+2y+z
[Bu.] 471:ﬁ4r cosdnz — i~ er vtz

and 4 is the local coordinates transformation matrix defined in (4).

We tested two different cases, f~ = 7 = 1,and f~ =1, " = 1000. Fig. 2 shows a slice of the computed
solution for the bigger jump case and Table 2 shows the results of the grid refinement analysis. Again

second-order accuracy is observed.

In Table 3, we show the comparison of the CPU time (in seconds) of the SOR method and the algebraic
multigrid solver for the maximum principle preserving scheme on Sun Ultra 10. We see the algebraic
multigrid solver is much faster than the SOR method when L, M, and N are large. For small problems, the
algebraic multigrid solver may be slower due to the set-up time in the algebraic multigrid solver. More
examples can be found in [5].

A natural concern about the maximum principle preserving scheme is the computational cost in dealing
with the interface, or irregular grid points. The cost includes indexing the grid points, finding the or-
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Fig. 2. A slice of the computed solution u(x, y,0) for Example 4.2. The parameters are: 8 = 1000, f~ =1 and L =M = N = 104.
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Table 2
The grid refinement analysis for Example 4.2
LxMxN =1 =1 BT =1000, =1
1En || Ratio IEN]| Ratio
52 x 52 %52 3.108 x 1072 2.032 x 1072
104 x 104 x 104 6.758 x 1073 4.599 4.771 x 1073 4.259
Table 3
Comparison of CPU time (in seconds) of the SOR method and the AMG method on Sun Ultra 10
LxMxN Example 4.1 (b = 107) Example 4.2 (7 = 10%, g~ =1)
SOR AMG SOR AMG
20 x 20 x 20 0.21 1.57 0.06 0.83
40 x 40 x 40 27.51 25.56 29.62 13.89
80 x 80 x 80 1410.54 265.26 1464.57 265.84

thogonal projections, and solving the quadratic optimization problem at each irregular grid point. Note
that the extra time is always needed to deal with the interface no matter what a numerical method is used to
solve the interface problem.

Since the number of irregular grid points is one-order fewer than the number of regular grid points, the
computational cost in dealing with the irregular grid points is negligible if the spatial step size 4 is small
enough. In practice, for three-dimensional problems, the spatial step size # will be limited. The CPU time
spent on interface depends on the complexity of the interface, the linear solver used, and the number of grid
points 7, in the finite difference stencil. In Table 4, we show the percentage of the CPU time spent on the
interface with n, = 27. In Example 4.1, there are more irregular grid points than that in Example 4.2, so the
percentage of CPU time spent on the interface is larger. In either case, the percentage of CPU time de-
creases significantly as we decrease the spatial step size 4.

4.7. A special case

When f and 1 are continuous but the solution and/or the normal derivative have jumps across the in-
terface, the maximum principle preserving method becomes the standard central finite difference scheme.
Furthermore if f§ is a constant, we have the following theorem.

Table 4
CPU percentage distribution for Examples 4.1 and 4.2
LxMxN Example 4.1 (b = 1000) Example 4.2 (87 = 1000, 8~ =1)
Nirreg Tpre Tlolal Percentage Nirreg Tpre Tlolal Percentage
26 x 26 x 26 920 23.65 31.95 74.02 58 3.53 10.44 33.81
52 %52 %52 3528 92.50 172.79 53.53 218 5.95 95.53 6.23
104 x 104 x 104 14048 380.22 2196.31 17.31 870 36.74 1430.14 2.57

Nirreg 18 the total number of irregular grid points, T, is the CPU time spent in dealing with irregular grid points, and T, is the total
CPU time. The time unit is in second.
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Theorem 4.1. If (x,y,z) is a constant f and J. is continuous, then the solution of Egs. (33)-(42) are

B 6p

Vietjk = Virrge = Vij—1k = Vij+1k = Vijk—1 = Vijh+1 = 7 Vijk = R (59)

and all other coefficients y,,; ;. . = 0. The solution above is also a solution to the constrained optimization
problem.

Proof. We only need to verify that these y,;’s satisfy the linear system of equations (33)~(42) at any irregular
grid point. Without loss of generality, we assume the irregular grid point (x;,y;,z) be the origin. The
continuity condition of 4 means [1] = 0, and a constant  means [f] = 0. We also have p = 7 /" =1,
B: = B, = B. = 0, etc. Therefore, the linear system of equations (33)~(42) becomes

ar+a,=0, a3+as=0,

a5+a6:O, a7+ag:0,

ag +ap=p, an+tan=04p

az+ag=f, ais+as=0,

ai7 +aig =0, ay+ay=0.

The first equation
a+a, =0, ie., Zym =0

is obviously true. Under the transformation (3), let the new coordinates corresponding to (0,0,0),

(=h,0,0), (h,0,0), (0,—h,0), (0,4,0), (0,0,—4), and (0,0,%) be (&,,,n,,,Tm), m=1, ..., 7. Define
Cm
Y.=|n,|, m=12...,7,
Tm
and
—x* —h —x* h—x* —x*
Xl = _y* ) X2: _y* ; X3: —)/* ) X4: _h_y* 3
—x* —x* —x*
Xs=|h=)y |, Xe=| - |, X9=] -
—z* —h—z* h—=z*

We can verify

Y, =4X,, m=1,2,....7,

and
as +ay Zm Vmém
as + ag = Zm ymnm = Z VmYm = Z ymAXm
az + ag Zm YmTm m m
B X  —h—x*+h—x" —x*—x"—x"—x* 0
= A O Y Yy —h ey oy =yt =yt =1 0

6z -zt -z -z~ ~h—z+h—-Z 0
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Therefore, the second to the fourth equations (34)—(36) are also satisfied. To prove the rest, we can easily
verify

26 0 0
dounXuX) =0 28 0 | =28
m 0 0 28

Therefore, we have

3 %’"YmY; - % 39, 4%, X0AT = pi,

since AAT = I, where 4 is defined in (4). Furthermore, we have the following:
Zm %éi Zm %ﬂ mnm Zm %ﬂém'fm

Z Y
m T __ Y T 402 7,
7YmYm - Zm %fmnm Zm %nm Zm Tmnm;’—m )
o Y »
" Zm %émfm Zm /?mi’[m‘lfm Zm TMTm

which implies that

ag +ay =an +ap = a3 +au=p,

ais +aig = a7 +aig = ayg +ay = 0.
This concludes the proof. [

The result above tells us that for Poisson equations, the standard central finite difference scheme can be
applied directly with the right-hand side being modified by C;j; even if the solution and/or the normal
derivative have jumps. Fast Poisson solvers such as the one from the Fishpack [1] can be used to solve the
resulting linear system.

5. A fast Poisson solver for piecewise constant coefficient
In this section, we discuss a fast algorithm for solving the Poisson equation (1), (2) when f is piecewise

constant in the domain Q and 1 = 0. Divided by the coefficient in each sub-domain of @, the original
problem can be written as

Au= 4 if (x,y,z) € QF,

b (60a)
Au:L, if (x,y,z) € Q7

i
[u =w, [fu,]=v, (60b)
Given BC on 0Q. (60c)

The Poisson equation is only valid in the interior of the domain excluding the interface I'. The Poisson
equation can be solved readily with a fast 3D Poisson solver if we know the jump in the solution [u] = wand the
jump in the normal derivative [u,]. This is because the system of the finite difference equations (26) for u;j
reduces to the standard seven point discrete Poisson equation with modified right-hand side, see Section 4.7.
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However, the second jump condition for the original problem (1) is in the flux [fu,] = v instead of [u,]. We
cannot divide f from the flux jump condition because f is discontinuous. In [10], a fast method for two-di-
mensional problems is proposed. In this section, we describe our algorithm for three-dimensional problems.

As described in [10], the idea is to augment the unknown [u,] = g and equation [fu,] = v to (60a). That
is, we determine an interface function g(sy, s;) in such a way that the solution u(g) to (60a) satisfies the jump
condition [fu,(g)] = v. Since [u,] is only defined along the interface, it is one-dimensional lower than the
dimension of the solution u. We apply the GMRES method to solve the unknown jump g by eliminating u
from the augmented system. Numerically, we represent the unknown jump g only at certain projections X
of the irregular grid points from a particular side of the interface, for example, the side where ¢ > 0 to
avoid possibly clustered points. We call these projections X control points where we will find the unknown
jump [u,] numerically.

5.1. Setting-up the system of equations for [u,] and computing the residual

We select the projections from the ¢ > 0 side as a set of control points X}, X3, ..., X}, and the jump in
the normal derivative [u,] as Gy, Ga, ..., Gy,,, at the control points X’. Denote the resulting discrete linear
system of equations for G = [Gy, Gs, ..., Gy, ]" as

SG = b, (61)

where S is an Ny by Neone matrix. The matrix—vector form above is the Schur complement system of the
augmented system

4 B[U] _[R

= oll6] =12 ©
where the system of the first row in the block matrix is the system of finite difference equations of the
Poisson equation given [u] = w and [u,] = G defined at the control points, while the second row is the flux
jump condition [fu,(g)]=v in the discrete form. In our implementation, the Schur complement
S = D — EA'B and other matrices are never formed explicitly. Below, we outline our method to compute

the residual vector R(G) = SG — b:

e Step 1: For a given vector G defined at control points X', we use the least squares interpolation to get the
intermediate jump g of the normal derivative and their first-order derivatives along the interface at all
projections X/. The scheme is discussed in the next section.

e Step 2: Solve the Poisson equation for u;;(G) with given [u] = w and the interpolated [u,] = g. This step
is done using a fast Poisson solver since only the right-hand side of (60a) needs to be modified by the
correction term Cj; determined from (43). The main computational cost in this step includes the time
to determine the correction terms and solve the Poisson equation.

o Step 3: Compute the residual vector

R(G) =B u, (g) — B u,(g) —v="5G-b, (63)

n

which is simply the equation of the flux jump condition at the control points. The normal derivatives
u'(g) and u, (g) at the control points X} are computed by the least squares interpolation which will be
explained in Section 5.3.

Note that when we take [u] = w and [u,] =0, we have R(0) = —b, the right-hand side of the Schur
complement. We apply the GMRES method to solve R(G) = b with initial guess g°(X}) = v(X}). When the
convergence criteria is met, we not only have the jump in the normal derivatives of the both sides at the
control points, but also the solution to the original PDE (1).
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Below we outline the entire fast algorithm for 3D elliptic interface problems with piecewise constant
coefficient. Some implementation details can either be found in previous sections or will be explained
further later in this section.

Outline of the algorithm for Poisson equations with piecewise constant coefficient:

Set-up a Cartesian grid.

Label the grid points as regular, irregular.

Find the projections for irregular grid points.

Select a set of control points, for example, we choose the projection points from a particular side of the
interface as the control points.

Let [u] = w, [u,] = 0. Compute the residual of the Schur complement to get the right-hand side b.

Set G = v, call the GMRES method to solve the Schur complement. Once the convergence criteria is
met, the method returns an approximate solution U(G*'), the normal derivative u," and u;, correspon-
ding to the final step k.

5.2. Computing the surface quantities of the jump [u,] defined only at control points

In Section 4.3, we have discussed the least squares interpolation scheme to compute the surface
derivatives of an interface quantity, for example, w,, w, from w, the jump in the solution. The surface
derivatives are needed in computing the correction terms for the Poisson equation (60a). However, the
intermediate unknown vector G = [u,] is only defined at the control points X', which are the projections
of a particular side of the interface, say ¢ > 0 in our choice. The least squares interpolation scheme
needs to be modified to use only the information from the control points but not all the projections.
Given G that are defined at the control points, the interpolation scheme for g, g,, g. at any projection
X* are

g’](X*) = Z &C‘Gm gT(X*) = Z ZCGca g(X*) = Z 6-ch') (64>

IX* X[ <R X" X[ <R X" —X:| <R

where G, are the given values at the control points X’. The procedure to determine the coefficients then is
the same as described in Section 4.3.

5.3. Computing the normal derivatives of the solution ;. at projections

In the GMRES method, given a guess G, we need to carry out the matrix—vector multiplication. As
stated before, this comprises three steps: (1) extend G to all projections of irregular grid points to get g(X;);
(2) solve the Poisson equation (60a) with [u] =w and [u,] =g to get u(g); (3) compute the residual
R(G) = B u'(g) — B u, (g) — v at the control points. We have explained how to extend G and how to solve
the Poisson equation. We now explain how to calculate u at the control points based on the solution u.
The algorithm is based on the least squares interpolation and the given jump condition u —u, = g. We

explain the idea for computing u, at a particular projection X_. Let

w, (X))~ Yy wpe — C(X0), (65)
(

ijk)eN

where ./" denotes a set of the closest 50 grid points to the projection X in the sphere |x;x — X’ | <R., and
C(X}) is a correction term which can be determined once 7,;;’s are computed. Note that the coefficients y;;’s
now have different meaning as the coefficients of the finite difference scheme that we used earlier. In our
numerical tests, we take R, = 6.14. The interpolation (65) is robust and depends on u,; continuously. Using
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the same idea presented in Section 4, we expand the true solution u(x;) at X’ from different sides of the
interface and then express the quantities from the positive side in terms of those from the negative side.
Have done this and made use of the formulae (19) and (23), we get, after collecting terms:

u, (X;) = (a1 + ax)u” + (a3 + ag)u; + (as+ a6)u; + (a7 + ag)u; + (ay + ai)uz: + (an + an)u
+ (a3 + awa)u,, + (a15 + alé)ugﬂ + (a7 + alg)ug; + (ap + azo)u;I + as[u] + asfue)
+ agluy) + aglu] 4+ aro[uce] + anafuyy] + awafuc] + aiglug,] + aslue] + azlu,] — C(X7)
+ O(h3 max |y,-jk|). (66)

m

where the variables a;’s are defined in (31). Thus we determine y,;;’s by setting
a3+a4:1, (12,-,1+(22,-:0, 111,3,4,710 (67)

Again, the system is under-determined and in general, there are infinite number of solutions. We use the
SVD subroutine from LAPACK/LINPACK to solve the system. Once the coefficients 7,;’s are determined,
the correction term C(X) is then

C(X7) = as[u] + aslue] + agluy] + asuc] + aro[uce] + arfuy] + arafus]
+ arg[ugy] + ais[ue] + asxfuy, (68)

in continuous case. Computationally, it is

C(X7) = aw + asg + agwy + asw: + aio (g<Xm1 + %) + [ﬂ — Wy — Wrr) + an(Wey — &)

+ a14(Wl’T - gX‘ET) + a16(w’1Xim + WTXm + gﬂ) + alg(WﬂXm' + Wi Yler + g‘f) + a0 (WHT - ng]r)' (69)

The same procedure can be used to compute u!(X’). The interpolation scheme with under-determined
system and the use of the SVD provide a stable and robust interpolation scheme with smooth error dis-
tributions.

5.4. The pre-conditioning strategy

Since the flux jump condition involves the normal derivative, some pre-conditioning techniques are
crucial to reduce the number of iterations. The pre-conditioning technique that we have implemented is as
follows. We use the method described in the previous section to compute one of u, (X?) or u (X?), and we
use equations

w, (X0) = u, (X7) = G(XQ),

Bruy (X7) — B u, (X7) = v(X])
to determine the other. Again, G(X) is the intermediate jump of the normal derivative at a control point.
The formulas are
X* _ +G X*
If Br<p: u (X)) :%,

o(X;) = B G(X)

If ﬁ+ > ﬂ7 : u:(X:) = ﬁ+ _ ﬁ—
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Consequently, we have the pre-conditioned equation

B (BT G(XE) — v(X}))

If pt < p s

+ Buy (X7) = v(X7) =0,

B (v(X7) — B G(X7))
B =B

In this way we obtain the better conditioned system with the matrix form / + K, where K is a discretization

of the Neumann-to-Neumann map for the Poisson equation.

If g >p — Bu, (X2) — u(X)) = 0.

5.5. An application to Helmholtz/Poisson equations on irregular domains

The idea of the fast interface Poisson solver described in the previous section can be used with a little
modifications to solve three-dimensional Helmholtz/Poisson equations

Uee + Uy +u+u=f, (x,y,2)€Q,

q(u7u,,) = O; (X,y,z) c o (70)

defined on an irregular domain Q (interior or exterior?), where ¢(u, u,) is a prescribed boundary condition
which is a linear function of u and u, along the boundary 0Q2. We will demonstrate the idea for interior
problems.

We embed Q into a cube R and extend the definition of the PDE and source term to the entire cube R

. [ul=g on 0Q, [/l =0 on 0Q,
Au+u= f %f (x,7,2) € 2, u,] =0 onodQ, or [u,]=g ondQ, (71)
0 if (x,y,z) ER—Q
T " u=0  on?dR, u=0  onR.

Again, the solution u is a linear functional of g. We determine g(s,s,) such that the solution u(g) satisfies
the boundary condition g(u(g),u,(g)) = 0. This can be solved using the GMRES iteration exactly as we
discussed in Section 5. The only difference is the way in computing the residual vector.

5.6. Numerical examples of piecewise constant coefficient and irregular domains

All the simulations in this section are done on Sun Ultra 10 workstations. First we show an example of
the interface problem with piecewise constant coefficient.

Example 5.1. The interface is a sphere x> + ) + 2> = 1/4. The source term is

Dirichlet boundary conditions and the jump conditions (2) are determined from the exact solution
;—2, if r <3,
u(x,y,z) = {,4+1;;§(2,) +%_12 O st (73)

2 For exterior problems, we assume that the domain is a cube with holes.
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We have [u] =0 and [fu,] = 3/2, Note that the solution is continuous in this example, but the normal
derivative is not.

We tested three different cases, no jump, small jump, and large jump in . Table 5 shows the results of
the grid refinement analysis. An average ratio of 4 confirms the second-order accuracy. In Table 6, we
listed the CPU time in seconds for the three cases on a Sun Ultra 10 computer. The second column Ny, in
the table is the number of total irregular grid points; the second column Ny, is the number of control
points; the fifth, seventh, and ninth columns are the number of iterations of the GMRES method, which is
also the number of calls to the 3D fast Poisson solvers. We see the numbers are almost independent of the
mesh sizes.

We now show two examples in solving Poisson equations on interior and exterior irregular domains,
respectively. The problems are not the interface problems and cannot be solved using the maximum
principle preserving scheme. More examples can be found in [5].

Example 5.2. In this example, the domain is the exterior of the ellipsoid x? + 2y + z2 = 1/4. The differ-
ential equation is

Uy + Uy, + U, = —3sinxcosycosz.
The Dirichlet boundary condition is chosen from the following exact solution:
u(x,y,z) = sinxcos ycosz.

Fig. 3(a) (outside of the ellipse) shows a slice of the computed solution: —u(x,y,0). The ellipsoid is em-
bedded into a unit cube [—1,1] x [—1,1] x [—1, 1]. Table 7 shows the errors in the infinity norm and other
information. In the table, Niyee and Neon are the number of the total irregular grid points and the number
of control points, respectively; Ny, is the number of iterations of the GMRES method, or the number of
calls to the 3D fast Poisson solver. We see the number of iterations is independent of mesh size as in the case
of two space dimensions.

Table 5
The grid refinement analysis for Example 5.1 on a Sun Ultra 10 computer
LXMxN pr=1 B =10 BT = 1000
1En]l Ratio lEN] Ratio IEv|l Ratio
26 x 26 x 26 3.931 x 10~* 6.635 x 10~ 3.598 x 1073
52x52x52 9.732 x 1073 4.039 1.816 x 107* 3.654 9.787 x 107¢ 3.676
104 x 104 x 104 2.351 x 1073 4.140 4.198 x 1073 4.326 2.266 x 107° 4.319

The coefficient in Q™ is f~ = 1.

Table 6
CPU time (seconds) and the number of iterations for Example 5.1 on a Sun Ultra 10 computer
LxMxN Nirreg Neontr B =1 BT=10 AT =1000
CPU ]viler CPU Niler CPU Nil&:r
26 x 26 x 26 920 506 52.127 1 75.602 13 89.737 19
52 %52 %52 3528 1828 210.789 1 318.671 13 405.130 21
104 x 104 x 104 14048 7180 917.517 1 1536.733 14 1987.950 24

The coefficient in Q™ is f~ = 1.



238 S. Deng et al. | Journal of Computational Physics 184 (2003) 215-243

Il

Jm”'

I

'imfllﬂh‘m;

0.5+

(a) 0 150 (b)

Fig. 3. (a) A slice of the computed solution for Example 5.2: —u(x,,0). (b) A slice of the computed solution for Example 5.3.

L=M=N =104

Table 7

The grid refinement analysis for Example 5.2.
LxMxN Nitreg Neontr CPU (s) Niter |En || Ratio
26 x 26 x 26 720 402 43.347 18 6.464 x 1073
52 %52 %52 2888 1512 196.011 20 7.328 x 107 8.821
104 x 104 x 104 11516 5861 930.597 19 7.416 x 1073 9.822

Example 5.3. The differential equation is

Uy + Uy + U, = —3n? sin mx sin Ty cos mz

in the interior of ellipsoid 2x? + y? + z2 = 1/4. The Dirichlet boundary condition is chosen from the fol-

lowing exact solution:

u(x,y,z) = sin mxsin Ty cos 1z + 1.

Again the domain is embedded into the unit cube. Fig. 3(b) (inside on the top) shows a slice of the
computed solution: u(x,y,0). Table 8 shows the errors in the infinity norm and other information.

Table 8

The grid refinement analysis for Example 5.3.
LxMxN Ivirrcg Ncomr CPU (S) Mtcr ”ENHOC Ratio
26 x 26 x 26 720 318 42.994 18 4382 x 1073
52 x52x52 2888 1352 178.600 18 1.071 x 1073 4.092
104 x 104 x 104 11520 5562 949.558 22 2452 x 107 4.368
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6. An application to an inverse problem of shape identification

In [6], we proposed a variational model and a numerical method for identifying an unknown shape in a
problem motivated by electrical tomography. In this section, we show some three-dimensional simulations
using the fast Poisson solver for exterior irregular domains.

The variational form of the problem is

mrinJ(r):%///ﬁ\u(r)—uob|2dxdydz+e//r1ds, (74)

where the given u,, is the observed data in a small tube
Q={(x,2),-1<x< = 146,1 =6<x< L =1<y< = 14+6,1 = 5<y<L;-1<z< — 1

+5,1-0<z<1}, (75)

where 6 > 0 is a parameter, and ¢ is a regularization parameter.

Given a domain @, a sub-set Q, and a three-dimensional function u, defined on @, the problem is to find
the unknown surface(s) I' (within Q) that minimizes J(I).

We use the zero level set of a function ¢(x,y,z) to express an admissible surface I’

r={xcRk:qp(x)=0}

Given an admissible surface I', the gradient (steepest ascent) direction of J at the surface I' is given by

V(x)=—Vu-Vp+ex on I, (76)
where « is the mean curvature of the interface I' and u € H} (Q") satisfies

—Au=0 in QF,

u=20 on T (77)

u, =g on 0%,
and the adjoint function p € H'(Q") satisfies

—Ap = (u—up)yy in Q"
p=0 on I (78)
=0 on 0Q.

Here, y; is the characteristic function of the domain Q, we refer the reader to [6] for the derivation.

Since we know the steepest descent direction, we can use the steepest descent and quasi-Newton method
to move an admissble I' closer to its minima. We use the level set method as a tool to find the unknown
shape that minimizes J(I") by moving the surface along the steepest descent direction of J(I') through the
Hamilton—Jacobi equation

o, +VVp=0 (79)

with an artificial time variable ¢. The algorithm is outlined below.
6.1. Outline of the algorithm

o Select an initial level set function ¢ whose zero level set I'y = {(x,»,z) : ¢(x,y,z) = 0} is within the do-
main Q. Let I' =1T.
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e Solve the Laplace equation (77) in the exterior of I' using the fast solver described in Section 5.5 to get
u=u(l).

e Compute the difference of the computed solution with the observed data (u(I') — uop)¥p-

e Check convergence. If ||(u(I") — uob) s < €2, then stop, where ¢, > 0 is a pre-chosen tolerance. Other-
wise, continue.

e Solve the Poisson equation (78) in the exterior of I" using the fast solver described in Section 5.5 to get
p=p(I).

e Evaluate the normal velocity V' using the least squares interpolation scheme, see Section 4.3, to
get

V=—Vu-Vp+ex on I, (80)

where « is the mean curvature of the interface.

Extend the normal velocity V' to a computational tube |p| < d,, where 0, is the width of the tube.
Update the level set function by solving the Hamilton—Jacobi equation ¢, + ¥V |Vo| = 0.
Reinitialize the interface.

Let I" be defined by the new level set function. Repeat the process if necessary.

Since the emphasis here is the application of our fast Poisson solver on irregular domains, we omit some
of the details due to the space limitation and refer the reader [6] for more details. The time step size is
chosen as

h
At =min | 10,——
min ( ' Umax)’

where v, 1s the maximum magnitude of the velocity in the computational tube. Based on the CFL
condition for the level set equation, we could use At < h/vnm.,. However because the problem is non-linear,
we take a more conservative approach.

6.2. Numerical simulations of shape identification.

We performed some numerical experiments on Sun Ultra 10 workstations with a 60 x 60 x 60 grid. The
computational domain is scaled to the unit cube [—1,1] x [-1,1] x [-1,1]. As stated in [6] for two-
dimensional problems, the algorithm works well for single convex objects or multi-convex objects that are
far apart.

We present two examples in which we know the exact solutions. In the first one the exact shape is a
sphere x? 4+ 12 4+ z2 = 0.3%. In the second example, the exact shape is an ellipsoid x> + 3)? 4+ z2 = 0.3%. We
started with a large sphere x> + )? 4z = 0.4 that surrounds the exact shape. The observed data are as-
sumed to have a noise

zije = u(I) 4 + i
where I'" denotes the “true’ interface and 5,-jk is chosen as uniformly distributed random noise.

In Fig. 4, we show the evolution process of our computation for the sphere case. The parameters are
€ = 0.001, the relative noise level 6 = max; [3,x|/ max,; |u;| is 17%. The stopping criteria is |/| < 107°. In
Fig. 5, we show the evolution process of our computation using the slices of the computed shape for the
ellipsoid case. We show the results with e = 0.001. The relative noise level once again is 17%. In both cases,
we get satisfactory results. The small difference in the final shape is mainly due to the noise in the observed
data.
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Fig. 4. The computed shape for the sphere case using a 60 x 60 x 60 grid and € = 0.001 at different stages: (a) the initial guess; (b) after
11 iterations; (c) after 31 iterations; (d) after 51 iterations.

7. Conclusions

In this paper, we described two numerical methods for three-dimensional elliptic interface problems in
which the coefficient, the source term, the solution and its derivatives, have a discontinuity across an in-
terface. The maximum preserving scheme coupled with the algebraic multigrid solver is relatively simpler to
implement. The fast solver can only be applied to the Poisson problem with piecewise constant coefficient.
The number of iterations is independent of the mesh sizes. More important, the computed normal deriv-
atives from each side of the interface appear to be second-order accurate. The fast solver can be applied to
Helmholtz/Poisson equations on irregular domains which may have many applications. The application to
a free boundary problem in identifying an unknown shape using the level set method is illustrated.
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Fig. 5. The y—z transection of the computed shape for the ellipsoid case using a 60 x 60 x 60 grid at different stages: (a) the initial
guess; (b) after 41 iterations; (c) after 121 iterations; (d) after 201 iterations. The inner-most ellipse is the exact solution.
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